Two-phase fluid flow is distinguished from single-phase flow i n two respects: (1) the cross section for flow of either fluid is not defined by the conduit alone and (2) not only the extent but the manner of frictional energy exchange for each fluid depends on the individual rates of flow for both fluids. I t was believed therefore that an empirical approach would not adequately describe the various situations encountered in two-phase flow, and so study was undertaken to obtain some understanding of the mechanisms of the flow of liquid with a free surface and the momentum exchange between fluids at that surface. I t resulted in the development of a method of predicting liquid holdup 2nd pressure drop for flowing systems in which the liquid, lifted by the gas flowing as a central core, moves upward as an annular film along the pipe wall.
The possible modes of vertical, two-phase flow are illustrated in the sketches in Figure 1 , the conditions of liquid and gas flow under When a small amount of air is introduced continuously, it is dispersed and the pressure drop with increasing air rate approaches a minimum as the density of the mixture in the tube decreases. This is the mode of flow in ordinary gas lift. A t about this minimum the flow mechanism changes from aerated, in which the air flows as small bubbles, to piston flow, in which the air flows as large, bullet-shaped bubbles. As the air rate is further increased, the pistons become unstable and the flow mechanism passes through the regimes of churn and of wave entrainment. These regimes may be thought of as merely the transition region between piston and annular flow since the violent, patternless agitation of churn flow gives way to the more placid, but still erratic, movement of waves superimposed on a film of water and finally to the uniform motion of annular flow. At some higher air rate drops of water will be pull6d from the crests of the small waves on the annular film and entrained. Thus annular flow is bounded by the regimes of wave and drop entrainment. The lower limit of annular flow is a t the second minimum pressure drop (at about 18 cu.ft./min. in Figure 1 ). The upper limit has not been observed within the range of experimental data available (the position of point F in Figure 1 is merely illustrative).
The regime of upward, cocurrent annular flow is defined as that in which the liquid flows as a uniform annular film on the pipe wall while the gas flows as a central core inside the liquid annulus. Two simultaneous processes take place in annular flow: the liquid film flows as a result of the drag exerted on it by the gas and the flowing gas loses a quantity of energy which is dictated by t h e amount of liquid flowing. A mathematical description of the flow of the liquid film is derived here through a n analytical procedure based on the Prandtl and Von Karman ( 1 7 ) theories of turbulent flow, and the result is a general expression which is valid for any liquid film. This special derivation is necessitated by the
is exerted gradually into the main stream. The other mechanism is that of "profile drag," where gas of high velocity impinges on a projecting object and loses a part of its kinetic energy. The obstacles in the path of the gas are the liquid waves. Their projected areas determine the drag area and their shapes and spacing determine the drag coefficient, which represents the fraction of the kinetic energy of impingement lost.
Skin-friction can be determined in the usual manner of predicting pressure drop for single-phase flow through smooth pipes by employing the friction factor. The determination of profile drag requires a knowledge of the velocity of the gas striking t h e projections, the area of the projections, and the drag coefficient. The combined ef- significant effect of gravity on the vertical flow o f the liquid and by special consideration which must be given to the effect of the solid boundary, which is of more importance in film flow than in a fullrunning pipe.
Gas loses momentum to the liquid in annular flow in what may be considered two separate mechanisms. One is the loss by "skin friction," where the gas directly in contact with the boundary is moving slowly and the retarding effect fect of these quantities on profile drag had to be determined experimentally.
Derivations of equations describing the liquid film and the determination of profile drag from experimental data will be given in the following pages. The rate of the liquid film can be defined in terms of the pressure drop and the thickness of the film. The pressure drop is also related to t h e air velocity and the liquid-film thickness. A combination of these two relationships will yield one equation with three variables: air rate. water rate, and presstire drop.
LIQUID FILM
As every application of force is opposed by an equal reaction, the force distribution in a vertical annular film can be described in general terms by making free-body force balances over successive slices of the film as illustrated in Figure  2 . By this means the pressure drop can be related to the local shear stress, which is the force acting in the direction of flow over a unit of area in a plane parallel t o the flow.
The general expression for the shear distribution in a verticle film is If the fluid in the single-phase case has the same density as that flowing in the film, and the shear a t a distance y, from the wall is the same in both cases, as shown in Figure 2c , the pressure drops in the two cases are related by Equation ( If the two fluids in question are air and water at atmospheric pressure, pff is negligible. The pressure drop required to produce a given is lower for annular flow than for single-phase flow. It is seen that the shear distribution within the annular film is not the same as it would be for the same film in single-phase flow of the same fluid; therefore equations which describe single-phase flow will not describe vertical annular-film flow. The two cases will approach each other when the pressure drop is so high that it overshadows the effect of liquid density upon the shear distribution.
With the shear distribution defined, the next problem is to describe the manner in which the fluid will act to implement this d htribution of forces. One element of a fluid body can exert a force on a n adjacent element only if there is a difference in velocity between them. Consequently the ultimate goal of this next analysis is the determination of a velocity pattern that will sustain the annular-flow shear distribution.
One can predict whether the flow pattern will be laminar or turbulent in single-phase flow by the use of the Reynolds criterion of turbulence. Unfortunately this criterion becomes meaningless when it is applied to two-phase flow, because of the absence of a term which considers the phase-to-phase energy transfer. A more general criterion which has been developed here and will be discussed in a later section indicates that turbulent flow is the predominant type encountered in vertical, annular water-film flow. All further attention is, then, given to the turbulent flow of liquid films.
TURBULENT-FLOW CONCEPTS: ANNULAR FLOW
The application of the Prandtl theory to single-phase flow has been well discussed ( 1 ) . Several simplifying assumptions which are made in that treatment, however, are not sufficiently accurate to justify its adoption for liquid-film flow. The fact that the bulk of the fluid in single-phase flow moves in the central turbulent core masks errors in the consideration of the fluid close to the boundary. In annular flow the liquid is so greatly influenced by the solid boundary that one must be especially concerned with fluid behavior in this region and the assumptions must be evaluated for this special case.
First, it may be assumed that the motion of the fluid a t any point is dependent upon the local shear stress. With this concept Von Karman(1) arrived a t a definition of turbulent flow which is almost identical with Prandtl's. Both definitions are valid for single-phase flow, as is shown by their use in correlating experimentally determined velocity profiles.
Next there are assumptions which are implied by the first condition. If the local velocity gradient is dependent on the local shear alone, then the mixing-length distribution in a film of liquid must be the same as that in a pipe running full of liquid. Likewise the thickness, 6 of the laminar layer must: depend on the shear a t the laminar layer.
The first of these implications is quite sound as the mixing length is a function of distance from the wall and not of the flow conditions. The second assumption is more difficult to justify as the point conditions which determine thickness of the laminar layer 6 are not known. The only definite information available is the empirical relationship giving 6 as a function of kinematic viscosity and shear a t the wall for single-phase flow. Figure 2) that while the shear a t the wall defines a unique shear distribution f o r single-phase flow, it does not for annular flow. Consequently, it is assumed that the shear stress a t 6 in an annular film bears the same relationship to 6 that wall shear does in single-phase flow.
DERIVATION OF FILM-FLOW EQUATIONS
The mathematical description of film flow is attained in two steps. First the differential equations expressing velocity gradient are integrated t o give a description of veloeity distribution. Once t,he velocity distribution is known, the rate of flow can be determined by another integration process. This is done first for the turbulent layer and next for the laminar layer.
The shear is related to the velocity gradient which it produces by where I is the Prandtl mixing length and u is the velocity in the axial direction a t a distance y from the wall.
The shear z may be eliminabed by combining Equations (4) and (7) :
The velocity distribution is found by integration of Equation (S), which states the relationship between local velocity gradient and local shear. To do this it is assumed that ( r o -yi) -yo and that
is negligible. This h P amounts to taking an average value AP x for the shear due to -:
The mixing length 1 = 0.4y, as evaluated by Nikuradse ( I ) .
($ry (10) Next, if the equation is rearranged and the square root taken
To obtain a simple form after this equation is integrated, the term i n the brackets is expanded according t o the binomial theorem:
with the condition for convergence that
The significance of this condition may be more readily seen after rearrangement of (17) t o give This means that the series will not converge for the values of T~= 0 which would occur if the gravity terms were equal to the interfacial shear. The necessary condition is obtained in vertical, upward, annular flow, and so the series is convergent for the case.
Equation ( In Equation (15a) the terms after the first on the right side account for the gravity effect. Without these terms Equation (1Ga) would be identical with Prandtl's. The first two terms on the right side of (15) are sufficient to represent the series with reasonable accuracy, and accordingly the remaining terms are neglected. Integration of Equation (21) gives Equation (22) :
and since
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FIG. 3. PREDICTED FILM THICKNESS vs. WATER RATE WITH INTERFACIAL SHEAR AS THE PARAMETER.
The final form of the volume rate of flow equation is the sum of LEam and Lt as given below:
The remaining task is to evaluate h P US and 6 in terms of --and yi. Z If 6 is determined by T~, one can evaluate 6 by solving Equations (25) and (26) below:
The value of 11.6 has been taken for the value of the constant. N ; this is an assumption since there is some dispute as to the exact value of N although 11.6 appears to be good average ( 1 ) .
Next u6 can be determined by solving Equation (27), which is the definition of viscosity 
tion (28).
Equation (20).
tion ( 2 3 ) .
give L.
THE CRITERIOIN O F TURBULENCE
The Reynolds criterion has been applied to two-phase flow by various workers who used a hydraulic diameter as the significant length.
The success of such an approach is limited to special cases in which the interphase momentum exchange is either negligible or constant.
An example of this approach is the work of Friedman and Miller ( 7 ) on falling annular films in vertical pipes. They indicate t h a t liquid films running downward while a stationary core of air fills the center of the pipe become turbulent at a Reynolds number of 1,000. Fallah, Hunter, and Nash ( 6 ) show that when another fluid, denser than air but lighter than water, is employed as the central core the critical Reynolds number is much less than 1,000, even as low as 15. Obviously, the flow rate of the film, its fluid properties, and the pipe diameter alone are not sufficient to define its state of motion.
I n order completely to define the flow of each fluid in two-phase flow it is necessary t o include the effect of momentum transfer between phases in the criterion of turbulence. One familiar quantity has this property although it is deficient in a significant length term: the thickness of the laminar layer 6 set by the kinematic viscosity of and the shear in the fluid. The ratio of 6 to pipe diameter for singlephase flow is a function of the Reynolds number and the friction factor only (1 ) . Since the friction factor becomes a function of Reynolds number alone rather than of Reynolds number and relative roughness as the Reynolds number decreases to values of about 2,100, the ratio of 6 to diameter has a single critical value corresponding to Re = 2,100.
By analogy, the ratio of 8/y, is taken as the criterion of turbulence for film flow. Film thickness replaces pipe diameter as the significant length in the ratio. A critical value of this ratio, determined from the data presented by Friedman and Miller by evaluating 6/y, a t Re = 1,000, is This critical ratio marks the point of abrupt change from turbulent to laminar flow. If it is larger than 0.425 the flow pattern will be laminar. It is interesting to note that this criterion indicates that the film will become entirely laminar in character a t a point where roughly half its thickness would flow by the laminar mechanism even if the flow were turbulent. This criterion was applied to the case of vertical upward annular flow of water, and the indication was that the flow is turbulent throughout the regime.
EXPERIMENTAL
Theoretical considerations of the modes of flow predict the momentum transfer and pressure drop between the phases. It was necessary to obtain experimental data to establish the validity of these equations which define film flow and to evaluate certain coefficients. Data of B. H. Radf o r d ( l 8 ) for the upward flow of a i r and water in a 1-in. tube provided water-holdup information which was used to estimate liquid-film thickness. The present investigation provided pressure-drop data for the various tubes and flow conditions given in Table 1 .
The system is shown in Figure 4 .
The equipment provides for metered a i r to enter the test pipe from a straightening section and metered water to enter through a circumferential slot in the bottom of the test section. Pressure drops were measured over 2-or 3-ft. intervals along the tube with manometers connected with air-flushed pressure taps. This arrangement provided for measurement of entrance and exit effects, if any. Various entrance devices were tried, and a s the annular ring shown in Figure 4 proved to be the most 
EQUATION FOR PROFILE DRAG
One can describe the profiledrag process mathematically by writing first that the shear produced is equal to a fraction of the stagnation pressure of the gas stream times the area of stagnation, as F = Cu(APsAD) 2 27~7." (30) where F = drag force, lb. 2 = length of pipe, f t . lb. /sq.f t.
To predict APE one must know CD and AD under given conditions of flow. No analytical method is available for predicting these quantities, but a n empirical correlation valid for the air-water system may be developed by use of the experimental data. The method of correlation is based on the assumption that A D is dependent mainly on the amount of water present in the tube and to some extent upon the velocity of the air.
Since CD will vary with the wave geometry and the gas velocity, it is combined with A D in this correlation as the term (CDAD), which may be computed directly from experimental pressure-drop data. It was found from experimental data that (C,A,) is proportional to uA-* and also dependent upon ye This relationship is graphically shown in Figure 6 , a plot of C,A,, -vs. yi. By use of Figure 6 in conjunction with Equation (36) below, the pressure drop due to profile drag can be determined if air rate and density, tube diameter, and water-film thickness are known. The mathematical definition of vertical liquid-film flow was employed to predict water-film thickness as a function of interfacial shear and water-flow rate. The predictions for 90, 123, 175, 269, 384 , and 543 lb. of waterlhr. in a 1-in. I.D. tube are compared in Figure  7 with experimentally determined values. I n the region of annular flow, that is, for film thicknesses smaller than those a t the point of minimum shear, there is close agreement between the observed and predicted values. vs. air rate with water rate as the parameter. The solid lines representing predicted values are discontinued a t air rates lower than t h e minimum for annular flow.
V G
CONCLUSION
The agreement between prediction and observation f o r both film thickness and pressure drop is sufficient t o establish the validity of the methods of prediction. The deviation of both observed pressure drop and film thickness from the predicted values a t high water rates is probably due to the occurrence of wave entrainment. 3.
